We study the effective weak chiral Lagrangian within the framework of the instanton vacuum. We incorporate the ∆S = 1, 2 effective weak Hamiltonian into the effective low-energy QCD partition function defining the chiral symmetric quark-Goldstone boson interactions with the momentum-dependent dynamical quark mass. Employing the derivative expansion, we derive the corresponding weak effective Lagrangian in leading order with the low energy constants to be used e.g. in chiral perturbation theory. We find that the momentum-dependent dynamical quark mass plays an essential role in improving the low energy constants and their ratio g 8 /g 27 .
I. INTRODUCTION
Understanding of the nonleptonic decays of light hadrons in the Standard Model (SM) has been one of the most difficult issues. While the SM explains the weak processes involving the change of strangeness by considering W exchange, the description of nonleptonic decays of light hadrons is rather complicated on account of the strong interactions in the low-energy regime (below 1 GeV). The problem is typified by the ∆T = 1/2 selection rule, best known as the fact that the isosinglet amplitude of the K → ππ decay dominates over the T = 2 amplitude by about 22 times. Despite a great deal of effort this dominance of the ∆T = 1/2 channel over the ∆T = 3/2 one has not been explained in a satisfactory way. The effective weak Hamiltonian derived from evolving the simple W -exchange-vertex from a scale of 80 GeV down to 1 GeV [1] [2] [3] [4] [5] [6] [7] [8] [9] presents a part of the answer, showing that the perturbative gluons inherent in the Wilson coefficients enhance the ∆T = 1/2 channel. However, the perturbative gluons alone are not enough to explain the ∆T = 1/2 rule completely. Thus, we need to consider other sources of the ∆T = 1/2 enhancement. Since the structure of the light hadrons intimates already the importance of nonperturbative QCD, it is natural to consider its significance in describing low energy processes such as K → ππ decay.
Recently, we have investigated the effective ∆S = 1, 2 weak chiral Lagrangian to order O(p 4 ) within the framework of the chiral quark model (χQM) [10] , focusing on determining the low energy constants (LECs) in the effective weak chiral Lagrangian. In addition to the leading-order contribution in the large N c expansion, the 1/N c corrections were taken into account. However, the ratio of the g 8 /g 27 obtained from the χQM deviated from the phenomenological values obtained in chiral perturbation theory (χPT). There was a suggestion to include the gluon condensate which is of order O(α s N c ) [11] . However, Ref. [11] did not consider the importance of the O(α s N c ) 2 corrections which might be of significance at the same extent to the O(α s N c ) corrections.
In the present work, we want to improve our former study [10] , based on the more general effective low-energy QCD partition function derived from the instanton vacuum which pertains to nonperturbative QCD. The main feature lies in the fact that the coupling strength of the chiral symmetric quark-Goldstone interactions is momentum-dependent. In fact, switching off the momentum dependence of the coupling and adding an appropriate regularization scheme will lead to the usual χQM used in the former investigation [10] . Due to the complexity of the formalism in the present approach we first concentrate on order O(p 2 ) and on leading order in 1/N c . The instanton vacuum elucidates one of the most important low-energy properties of QCD, i.e. the mechanism of spontaneous breaking of chiral symmetry [12] [13] [14] . The BanksCasher relation tells that the spectral density ν(λ) of the Dirac operator at zero modes is proportional to the chiral condensate known as an order parameter of spontaneous breaking of chiral symmetry: ψ ψ = − πν(0) V (4) .
The picture of the instanton vacuum provides a good realization of spontaneous breaking of chiral symmetry. A finite density of instantons and antiinstantons produces the nonvanishing value of ν(0), which triggers the mechanism of chiral symmetry breaking. The Euclidean quark propagator in the instanton vacuum acquires the following form with a momentumdependent quark mass generated dynamically, identified with the coupling strength between quarks and Goldstone bosons:
with
The ratio N/V denotes the instanton density at equilibrium and theρ is the average size of the instanton. The form factor F (kρ) is related to the Fourier transform of the would-be zero fermion mode of individual instantons. As will be shown later, the momentum dependence of the constituent quark plays an essential role in improving our previous results [10] concerning the effective weak chiral Lagrangian. It is in line with the recent works on the pion wave functions [15] and skewed parton distribution [16] , where the momentum-dependent quark mass plays a crucial role as well.
The instanton vacuum induces effective 2N f -fermion interactions [14, 17] . For example, it has a type of the Nambu-Jona-Lasinio model for N f = 2 while for N f = 3 it exhibits the 'tHooft determinant [18] . Goldstone bosons appear as collective excitations by quark loops generating a dynamic quark mass. Eventually it is found that at low energies QCD is reduced to an interacting quark-Goldstone boson theory given by the following Euclidean partition function [19] 
where U γ 5 stands for the pseudo-Goldstone boson:
The α is the color index, α = 1, · · · , N c and f and g are flavor indices. M(−i∂) is the constituent quark mass being now momentum-dependent. It will play a main role in the present work. This effective theory of quarks and light Goldstone mesons applies to quark momenta up to the inverse size of the instanton,ρ −1 ≃ 600 MeV, which may act as a scale of the model (µ χQM ). A merit to derive the χQM from the instanton vacuum lies in the fact that the scale of the model is naturally determined byρ −1 . Furthermore, mesons and baryons can be treated on the same footing in the χQM. For example, the model has been very successful in describing the properties of the baryons [20] .
The outline of the present paper is as follows: In Section 2 we sketch the instantoninduced chiral quark model, emphasizing in particular the momentum dependence of the constituent quark mass and explain how to perform the derivative expansion in the presence of the momentum-dependent constituent quark mass. Section 3 is devoted to the derivation of the effective weak chiral Lagrangian to order O(p 2 ). In Section 4 we discuss results. The conclusions and outlook are given in Section 5.
II. EFFECTIVE CHIRAL THEORY FROM THE INSTANTON VACUUM
The effective low-energy QCD partition function in Euclidean space can be written as
The M(k) is the momentum-dependent constituent quark mass expressed as follows:
If we choose the F (k/Λ) to be constant and add a regularization (e.g. Pauli-Villars or propertime), the partition function becomes just that of the usual χQM. The original expression for the F (k/Λ) [12, 13] , which is obtained from the Fourier transformation of the would-be zero fermion mode of individual instantons with the sharp instanton distribution assumed, is as follows:
Here I 0 , I 1 , K 0 , and K 1 denote the modified Bessel functions, z is defined as z = k/(2Λ) and the cutoff parameter Λ is in this case just the inverse ofρ. When k goes to infinity, F (k/Λ) = F (kρ) becomes
Actually, the momentum-dependent quark mass is related to the nonlocal regularization in Euclidean space. There are other ways of understanding the nonlocal effective interaction without relying on the instanton vacuum [21] . In those methods, the momentum-dependent quark mass as a regularization appears as delocalizing the quark fields. So, various types of the M(k) as a regulator with the regularization parameter Λ has been used by different authors. For example, the monopole-type M(k) is used in the study of the pion wave function [15] , while the Gaussian is employed in Ref. [22] .
Therefore, we will not confine ourselves to the expression given in Eq.(8) but rather try four different types of the F (k/Λ):
The F (k/Λ) is normalized to unity at k = 0. Thus, M 0 is the value of the M(k) at k = 0. Originally, M(0) is taken to be around 350 MeV corresponding to the values of the following parameters:R ≃ 1 fm andρ ≃ 0.35 fm. TheR is the average distance between neighboring instantons. However, we will regard M 0 as a free parameter ranging from 200 MeV to 450
MeV and fit for each M 0 the parameter Λ to the pion decay constant f π = 93 MeV. Figure  1 shows the momentum dependence of the four different types of M(k) with M 0 = 350 MeV. The monopole type displays the largest tale, while the Gaussian takes the strongly suppressed tail, compared to other ones. As will be shown later, this difference appearing in the tail is basically responsible for the different results in the LECs of the effective weak chiral Lagrangian.
Having integrated out the quark fields in the partition function, we obtain
where the S eff [π a ] stands for the effective chiral action:
Here, the D(U γ 5 ) is the Dirac operator defined by
The Dirac operator is not Hermitian, so that it is useful to divide the effective action into the real and imaginary parts:
In order to calculate the real part, we substract the vacuum part and use the derivative expansion. We therefore write
Here we used a complete set of plane waves for the calculation of the functional trace, summed over all states and took the trace in x. 'tr' then denotes the usual matrix trace over flavor and Dirac indices. The rhs. of Eq.(15) can now be expanded in powers of the derivatives of the pseudo-Goldstone boson fields, / ∂U γ 5 , and of 2ik · ∂ + ∂ 2 . After some manipulation using
where
we obtain eventually the effective chiral action with the momentum-dependent quark mass: 
If you write a generic operator for the four-quark operator Q i for a given i in Euclidean space such as
where Λ 1,2 denote the flavor spin operators, then we can calculate the vacuum expectation value of Q i (x) as follows:
i .
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are given by
where Λ 1,2 are the corresponding flavor matrices. Applying the derivative expansion to the operators (A 1,2 ) µ up to the order O(∂ 2 ) they can be written as
where M,M ′ andM ′′ are the k-dependent functions defined in Eq. (18) . Having carried out some tedious but straightforward computation, we can derive the effective weak chiral Lagrangian to order O(p 2 ) and to leading order in 1/N c presented in the next section.
IV. EFFECTIVE WEAK CHIRAL LAGRANGIAN
In order of O(p 0 ), only the operator Q 8 has the nonvanishing term:
However, since we are mainly interested in the LECs g 8 and g 27 of the effective weak chiral Lagrangian in leading order, we proceed to calculate the next-to-leading order terms, i.e. those in O(p 2 ) order:
Note that the function M is directly related to the quark condensate. From Eq.(44-54) one can easily obtain the ∆S = 1 effective weak chiral Lagrangian with symmetries (8 L , 1 R ) and (27 L , 1 R ). Thus, the following result ensues according to the notation by Pich and Rafael [35] (presented in Minkowski space):
The numerical values of the coupling constants g 8 and g 27 can be extracted from the K → ππ decay rate and the ∆T = 1/2 enhancement is reflected in these constants. [41] [42] [43] . Thus, we first want to examine the dependence of the quark and gluon condensates on the momentum-dependent quark mass (see Eqs. (23, 24) ).
In Figure 2 we show the dependence of the quark condensate on the M 0 with several different types of the M(k) given in Eq. (10) . The M(k) by Diakonov and Petrov [12, 13] and that of the dipole type produce the very similar results of the ψ ψ , while the monopole type of the M(k) yields much larger result than the other three ones. From these results one can easily see that the M(k) with stronger tail produces the larger value of the quark condensate. The shaded band depicts the empirical range of the quark condensate.
In Figure 3 we draw the dependence of the gluon condensate on the M 0 in the same manner. Like in the case of the quark condensate, the dependence on the different types of the M(k) is similar except that the monopole type of the M(k) does not enhance the gluon condensate as much as the quark condensate. Again, the shaded band represents the empirical range of the gluon condensate. Thus, examining the dependence of the quark and gluon condensates constrains the range of the value of M 0 .
In Figure 4 and 5 we present dependence of the low energy constants g 8 and g 27 on the dynamical quark mass, with the NDR scheme employed (Λ (4) M S = 435 MeV). The g 27 does not depend much on the type of the M(k). On the other hand, the g 8 shows appreciable differences using different types of M(k) similarly to the quark and gluon condensates. The dependence on the M 0 is also characteristic. While the g 27 increases very slowly as M 0 decreases, the g 8 goes up drastically below M 0 = 250 MeV. Thus, as a result, the ratio g 8 /g 27 is shown in Fig.6 . As mentioned above, the value of M 0 is more or less restricted by reproducing the empirical values of the quark and gluon condensates within their error bars. The thick parts of the curves in Figs.4-6 correspond to those admissible values of the M 0 .
Now, we want to analyze the contributions to the LECs from the different quark operators Q i given in Eq. (31) . These considerations are basically independent of the actual form of M(k). Since the penguin operator Q 6 contributes only to the octet part of the coupling, it contributes directly to the ∆T = 1/2 enhancement. In fact, the appearance of this octet penguin operator indicates already that the effect of perturbative gluons is of utmost importance in explaining the ∆T = 1/2 rule. Figure 7 shows each contribution of the quark operators Q i , starting from the Q 2 which has the same form of the bare operator at the scale of the M W . The operator Q 2 has the largest Wilson coefficient in any renormalization scheme. The Q 1 takes the second largest Wilson coefficient. As drawn in Fig. 7 , The LEC g 8 is much underestimated with the operators Q 1 and Q 2 only and furthermore they are almost stable to the change of the M 0 . Adding the penguin operator Q 6 brings the g 8 up dramatically and its dependence on the M 0 is also very noticeable. The other contributions are negligibly tiny. Hence, the penguin operator Q 6 plays an essential role in enhancing the octet coupling. Actually, considering the fact that the M(k) is pertinent to the zero mode of individual instantons, the strong dependence of the penguin operator on the M indicates the importance of the effect of a part of nonperturbative gluons in describing the nonleptonic kaon decays. Figure 8 displays each contribution of the quark operators to the g 27 . In this case, the Q 1 and Q 2 are the main contributions and the result is very stable to the change of the M 0 . Thus, the ratio g 8 /g 27 is greatly improved by the penguin operator as seen in Fig. 9 . The theoretical curves should be compared with the empirical values. They are obtained in Ref. [35, 44] within chiral perturbation theory. In a good approximation |g 8 | ≃ 3.6, |g 27 | ≃ 0.16 and |g 8 /g 27 | ≃ 22.
We would like to mention the comparison of the present work with the former one [10] . Since the M 0 = M(k = 0) is not identified with the constituent quark mass used in the former method, it is in fact not possible to compare the present work directly number by number to the former one. We see a similar tendency in Ref. [10] that the ratio g 8 /g 27 enhances as the constituent quark mass lessens. However, it never reaches quantitatively the values of the g 8 , g 27 , and their ratio we obtained in the present work.
In Table 2 , we present the results for g 8 , g 27 , and their ratio g 8 /g 27 as functions of the M 0 , the original M(k) from the instanton vacuum being employed. The numbers depend noticeably much on the renormalization scheme. In general, the NDR scheme with the Λ Table II and III of Ref. [10] ), the present results in any renormalization scheme is remarkably improved.
In Table 3 , 4, and 5, we list the results for various renormalization schemes by using the monopole-type, the dipole-type, and the Gaussian type, respectivley, for the F (k/Λ). The parameter Λ is fixed by reproducing the pion decay constant f π = 93 MeV. In the case of the dipole-type M(k), the results are not much different from those in Table I , while the Gaussian-type M(k) underestimates g 8 /g 27 and hence fails to explain ∆T = 1/2 rule.
VI. SUMMARY AND CONCLUSIONS
In the present work we have investigated the effective weak chiral Lagrangian for ∆S = 1, 2 concentrating on the calculation of g 8 and g 27 . We used the chiral quark model from the instanton vacuum as framework and incorporated the weak interaction by the effective Hamiltonian of Buchalla, Buras, and Lautenbacher [9] . The calculation has been done to order O(p 2 ) and leading order in 1/N c . In contrast to the previous work by Ref. [10] , we used a momentum-dependent constituent quark mass M(k) as it arises from the instanton vacuum. For g 8 /g 27 this simple feature very much improved the agreement of the theoretical values with the empirical ones. In fact we tried various shapes of M(k). However, the best values were obtained for the M(k) from the instanton model of Diakonov and Petrov [12, 13] and M 0 ≃ 250 MeV. Altogether the empirical value of g 8 /g 27 is still underestimated by a factor of two and one is still far away from an explanation of the ∆T = 1/2 rule. However, if one wishes to derive the effective weak Lagrangian from the chiral quark model the use of a momentum dependent quark mass seems to be indispensable. 
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